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Last time:  

 Phonons cont’d 
 Thermal properties 
Today:  

 Thermal properties cont’d 
 Metals (free electron model) 
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Specific heat: 
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Einstein model 
Simpler model, approximation for optical phonons 

2 -x

vT 0: C x e 0  

: 3v atoms BT C N k  

Limits 

( ) ( )atoms eD N    

/

3
3 ( )

1e B

atoms e
atoms e e k T

N
U N n

e



  



 

2
/

2
/

3
1

e B

e B

k T

e
V atoms B

k T
V B

U e
C N k

T k T e





  
    

    



Structure of Matter  – WS13/14 – van Loosdrecht – Lecture 6    6 

Einstein model, Cv 
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Thermal conductivity 

Tl Tr 
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Thermal energy flux:  

Thermal gradient: r lT TdT
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: Thermal conductivity 

Is due to diffusion of particles (here phonons) 
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Thermal conductivity 
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Scattering of phonons 

• Imperfections, crystal boundaries, isotopes 

 

• Phonon-phonon scattering (normal processes) 

 

• Phonon-phonon scattering (Umklapp processes) 

Harmonic approximation: NO phonon-phonon scattering 

Phonon mean free path    limited by 
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Scattering of phonons 

Imperfections etc.:     = T independent:   v  Cv(T)  T3 

Normal processes:  
1 2 3

1 2 3

k k k

k k k

   

 

No net change of phonon momentum 

Umklapp processes:  
1 2 3

1 2 3

k k k

k k k G

   

  

Momentum transferred to crystal:  G

G 
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Thermal conductivity 
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vC v 

High T: Cv constant,    n()  T-1         
   T-1  
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Thermal conductivity 

Isotope pure Silicon (T. Ruf et al. Sol. St. Comm. 2000) 

T2/3 DeT 


 T-1  
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METALS 
Free electron model 
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Metals 

- Shiny, mirror 

- High conductivity 

- Non-directional  

bonding, deformable 

- Non-specific 

bonding, alloying 

- Close packing  
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What is a metal ? 

Electrical conductivity:  

 r300 K ~ 1.7 (Cu) - 153 mW·cm (Pu)    

Thermal conductivity: 

 Cu:  K300 K ~ 3.9 W/Kcm     Pu:   K300 K ~ 0.049 W/Kcm 

  Wiedemann-Franz:    K/s = a T 

          Quartz: K ~ 0.13 W/Kcm    NaCl:   K ~ 0.27 W/Kcm 

T 

r 
Low T: 

r = r0 + AT2 

Reflectivity: 

 Highly reflecting upto plasma-frequency 

 

    <  p      p
2 = 4  n e2 / m 
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FEM, overview 

• Free electron model (Drude, sommerfeld theory) 
  

• Statistics and density of states 
  

• Heat capacity 
  

• Electrical conductivity (Ohm’s law) 
  

• Influence of a magnetic field (Hall effect) 
  

• Thermal conductivity and Wiedemann-Franz law 
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Electrons in metals 

P. Drude: 1900 kinetic gas theory of electrons, classical 

  Maxwell-Boltzmann distribution 

  independent electrons 

  free electrons 

  scattering from ion cores (relaxation time approx.) 

A. Sommerfeld: 1928 

  Fermi-Dirac statistics 

F. Bloch’s theorem: 1928 

  Periodic potential, Bloch electrons 

L.D. Landau: 1957 

  Interacting electrons (Fermi liquid theory) 
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Free electron approximation 

U(r) 

U(r) 

Neglect periodic potential & scattering (Pauli) 

Reasonable for “simple metals” (Alkali Li,Na,K,Cs,Rb) 

Electrons in a lattice 

   Krönig-Penning model 

   Tight binding model 

Forget lattice, consider  

only the electrons in a box 

     Free electron model 
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Eigenstates & energies 
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Particles in a box 

Quantization of the k-vector (momentum) 
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Electrons are fermions  Fermi-Dirac 
distribution 

Fermi-Dirac statistics:  
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Density of states 
How many states are there in an interval dE ? 

Easy to answer this for an interval dk 

Number of states in circle radius k 

𝑁 𝑘 =
𝜋𝑘2

𝜋/𝐿 2
 

In ring dk 

𝑑𝑁 =
2𝜋𝑘

𝜋/𝐿 2
𝑑𝑘 

Density of  states in k-space 
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2
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Density of states 
How many states are there in an interval dE ? 

We can use E(k) relation to get D(E): 
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DOS in different dimensions 
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Occupation of states  
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Physical properties of simple metals 

Bf.e. 

(Gpa) 

Bobs 

(Gpa) 

Li 24 12 

Na 9 6.5 

K 3 3 

Rb 2 2 

Cs 1.5 1.5 

Cu 64 134 

Ag 35 100 

Al 228 76 

Bulk modulus at T=0:    𝐵 =
1

κ
= −𝑉

δ𝑝

δ𝑉
= −𝑉(

δ2𝑈

δ𝑉2
) 

0

0 0

Total energy N electrons (n=N/V)
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White dwarfs & neutron stars 

white dwarf G29-38 (NASA) 

The future or our sun 

Star  Red Giant  White dwarf (M<1.4 M0) 

             Neutron star (3>M/M0>1.4) 

             Quark star(?) 

             Black  hole (M>3M0) 

NASA – Keppler telescope 



Structure of Matter  – WS13/14 – van Loosdrecht – Lecture 6    28 

White dwarfs 
Heavy object with mass ~sun & size ~ earth 
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Pressure electron gas  

counteracts gravity. Pressure ~1033 Pa 

 

Neutron star: Fermi gas of neutrons  

     (electrons & protons combine) 


