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Last time:  

 Reciprocal lattice and 
diffraction cont’d 
 Phonons 
Today:  
 Phonons cont’d 
 Thermal properties 
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Total lattice energy 

 

 

Stability:                                    Equilibrium coordinates 
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Harmonic approximation: 

Phonons 



Structure of Matter  – WS13/14 – van Loosdrecht – Lecture 5    4 

phonons 

See appendix C: quantization of elastic waves: phonons 
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Three dimensions 
3-dimensional crystal:  3 degrees of freedom per atom 

s atoms per primitive cell:  3 acoustical branches  

    3s-3 optical branches 

p/a p/a 0 
k 

 

Transverse:  u k

Longitudinal:  / /u k

Optical modes 

Acoustical modes 
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Properties of phonons 

Any number can occupy the same vibrational mode uk 

 
Phonons are bosons 

  Thermal occupation given by Planck’s distribution 
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Zero-point energy: 

 

Energy of 1 phonon: 

“Momentum” of 1 phonon: 
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Phonons: Quantum excitations of solids 
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Measuring phonons 

Inelastic neutron scattering 

Inelastic light scattering (Raman/Brillouin) 

(far) Infrared absorption 

Electron energy loss spectroscopy 

Inelastic X-ray scattering  

Ultrasound propagation 

Point and tunnel spectroscopy 

… 
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Inelastic scattering 
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Diamond lattice 
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Phonon dispersion in Si 

Si: FCC diamond structure (2 at. Prim. Cell) 
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Phonon dispersion in copper 

0

10

20

30

40

50

F
re

q
u

e
n

cy
 (

T
H

z)
  

 

G X K G L 

Wave vector 

(111) (110) (100) 

X 

K 

L 

G at (0,0,0) 

Cu: FCC (1 at/cell) 

Recipr. Space BCC 



Structure of Matter  – WS13/14 – van Loosdrecht – Lecture 5    12 

Phonons 
• Quantized lattice vibrations 

• #modes: 3s 

• Optical & acoustical 

• Transversal & longitudinal 

• Relevant k vectors in first BZ 

• Thermal occupation: Planck 

• Dispersion ω(k) 

• Energy ħω(k) 

• ‘Momentum’ ħk 

• Sound velocity 
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Thermal properties 
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Thermal properties 

• Thermal expansion (classical) 

• Lattice specific heat 

 Density of States 

 Debye model 

 Einstein model 

• Thermal conductivity 

 Phonon scattering, mean free path 
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Thermal expansion 
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Harmonic crystal: No thermal expansion!! 
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Anharmonicity: Thermal expansion 
(classical) 
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Specific heat 

Heat capacity:  
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D(): Density of states 
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Lattice heat capacity 
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All lattice properties in D(): 

  

 Density of states:  # modes per unit frequency 
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Density of states in 1D 

1D crystal, N atoms, length L=Na 

 

Vibrational mode:  

 

Periodicity over L=Na:  
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Density of states in 1D 
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Density of states (1D) 
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Density of states (1D) 
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Density of states in 3D 
3D crystal, N3 atoms, cube length L 

 

Periodic boundary conditions:  
        LzkLykLxkizkykxki zyxzyx ee
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Density of states in 3D 
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Density of States 
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Back to lattice heat capacity  
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DOS in general complicated function 

Simplifications: 

 

• Debye model (take sound velocity constant) 

• Einstein model (take phonon frequency constant) 
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Debije model for DOS 
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Debije model 

Total energy stored in phonons: 

Density of states: 

Debije Frequency: 
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Specific heat: 
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Low temperature limit:   
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Cv/NkB 
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Specific heat AlN 

Specific heat Aluminum Nitride (Koshchenko et al., 1985)  
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Specific heat Cu 
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Specific heat ThxU1-xBe13 

Heavy fermion system, 2 S.C. transitions (Z. Fisk et al., 2000)  
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Einstein model 
Simpler model, approximation for optical phonons 
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Einstein model, Cv 
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Thermal conductivity 

Tl Tr 
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Thermal energy flux:  

Thermal gradient: r lT TdT
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: Thermal conductivity 

Is due to diffusion of particles (here phonons) 
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Thermal conductivity 
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Phonon mean free path    limited by 

Scattering of phonons 

• Imperfections, crystal boundaries, isotopes 

 

• Phonon-phonon scattering (normal processes) 

 

• Phonon-phonon scattering (Umklapp processes) 

Harmonic approximation: NO phonon-phonon scattering 
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Scattering of phonons 

Imperfections etc.:     = T independent:   v  Cv(T)  T3 

Normal processes:  
1 2 3
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No net change of phonon momentum 

Umklapp processes:  
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Momentum transferred to crystal:  G
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Thermal conductivity 
1
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vC v 

High T: Cv constant,    n()  T-1         
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Low T: imperfections give  T3 
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Thermal conductivity 

Isotope pure Silicon (T. Ruf et al. Sol. St. Comm. 2000) 

/23 D TT e 
 T-1  
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METALS 
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What is a metal ? 

Electrical conductivity:  

 r300 K ~ 1.7 (Cu) - 153 m·cm (Pu)    

Thermal conductivity: 

 Cu:  K300 K ~ 3.9 W/Kcm     Pu:   K300 K ~ 0.049 W/Kcm 

  Wiedemann-Franz:    K/s =  T 

          Quartz: K ~ 0.13 W/Kcm    NaCl:   K ~ 0.27 W/Kcm 

T 

r 
Low T: 

r = r0 + AT2 

Reflectivity: 

 Highly reflecting upto plasma-frequency 
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