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[Last time:

Binding cont’d

Crystal structure

Start with reciprocal lattice
Today:

Reciprocal lattice and diffraction
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Miller indices

» Miller indices where derived as a set of reciprocal
numbers defining lattice planes & directions

» Set of planes is defined by

— Direction hkl & spacing d between them

direction from cross product defining vectors
% ﬁ

c'=axb
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New lattice derived from planes

|
» Take two sets of planes, e.g. {10} and {01} /
* Draw perpendicular directions |
« Take length unit 1/spacing and | / /

construct new lattice
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Fourier transform

e Reminder fourier transtform:

o0

F(w)= [ e™ f(t)dt

* We can do this with functions in space:

o0

F(k)= | e™ f(x)dx

—00

* Many interesting properties, for instance shift in space

o0 o0

F(k) _ J' e—ikxf(xia)dxx':;ia ]2 e—ik(x'$a)f(x v)dxv _ eiika J' e—i/on(x)dx

—00 —00 —00
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Fourier transform 1D lattice function

* Mass distribution 1D lattice p(x) =) &(x+na)

H ® —@ ® o o- ® ®
a

o0 o0

e Fourier transform Rr() = j e ™ p(x)dx = j e i 5(x —na)dx

—00 —00 =

N ol _2Z N skl
_ZJ.e O(x—na)dx = an;oé(k na)

n=—0o0 —00 =

* 1s a series of delta functions spaced by 2n/a

rrrr ot T

21/a
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3D crystal structures

* More general: fourier transform of a translation
symmetric function has discrete components spaced
by 2n/period

e Fourier transform 3D lattice:

o0 o0 o0

R(k)= [ e™ p(F)dF = [ ™" Y &(F—pd—qb—sc)dr

=co —0 P,q,5=—%

Defines a lattice of allowed fourier components

Stucture of Matter — WS13/14 — van Loosdrecht — Lecture 2 7



Reciprocal lattice

1) 52272_ c_izxc_i3 : 52272' c_i3><c_il : 52272' C_ilXC_iz
] S - - . D - -.> U O
a, -(a,xa,) a,-(a;xa) a,-(a,xa,)
S (271)3
3) |b,-(byxb,)|= 7

p

4) by, b,, b; are primitive lattice vectors of an abstract
lattice, conjugate to the lattice in direct space.
They span a Bravais lattice.

5) In general b, not easily scalable to &, and not parallel to them either
6) Reciprocal of reciprocal is real lattice again

7) dimension [b.] = m!
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Reciprocal lattice

* Set of allowed Fourier components in FT from structure
e Set of directions 1n the real lattice
e Set of allowed diffraction directions

 Set describing allowed plane waves 1n periodic structures
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Diffraction

w=50u d=150pn 3 slits 4 slits 5 slits 7 slits

1 slit

2 slits
3 slits
4 slits

5 slits

7 slits

http://electron9.phys.utk.edu/phys136d/modules/m9/diff.htm
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Diffraction from crystals: Bragg’s law

Constructive interference if |2 -d -s1in O = n - A
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-
Crystal Structure

[Lattice + Basis

Fourier transform

periodic structure

 Atomic form factor
e Structure factor

Reciprocal lattice

* Symmetry, Extinction conditions

* Primitive reciprocal lattice vectors * Diffraction
» Wigner Seitz cell, Brillouin zones » Lattice vibrations
« Examples: SC, BCC, FCC lattices  Electronic properties

* Bloch functions
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Diffractometer

Area Detector(s)

S50keV
Electrons

Focussing Mirrors
{or Monoc hromator)

4-Circle Gonoimeter { Eulerian or Kappa Geometry)
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Source: need wavelength ~ lattice spacing
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X-ray sources

Synchrotron (grenoble)
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One can also use electrons and neutrons

E, = ho = hek = <
A

2712 2
Een:hk _h 2
’ 2m 2mA
"~ 1800

m

E (eV)
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.
Beryl ( Be;Al,(S10;), )

ST
L3 g | l_|..I
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-
Molybdenum oxide MoO,

2n/b

”

‘ 2n/a

Orthorhombic MoO,
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Reciprocal lattice of SC

‘/‘ ./' a,=a-e, ./' / b,=(2n/a)-&,

éi2:a'éy 52:(2n/a)-§y
./’ ‘/'éSZa'éz ./. /. b, =(2n/a)-€,
V=a’ =

= (2m/a)’
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Reciprocal lattice of FCC

b, =(2n/a)-(&, +8&, &,

This is BCC !
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FT

Back

Translational invariance:

Fourier analysis

GELGERD

Each unit cell is the same = split FT in lattice and basis
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Fourier analysis

FT i(k)=>'S, e

— — —_ — —
keG=h-b,+k-b,+1-b,
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Crystal Structure

[Lattice + Basis

Fourier Transform
periodic structure

Diffraction pattern Diffraction intensity

Reciprocal lattice Structure factor
Atomic form factor
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Atomic form factor

1 o
Structure factor: S, = —— jd?’r n(F)-e'¢"

U.C. U.C.

Ol

n(F)= > n(f —T) e.g. n(P)=A e

i G-T,
S, = ij e "
j
: 3 =\ iGP
Atomic form factor:  f; = jd 0 nj(p) e P
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o
Diffraction conditions

—

The set of reciprocal vectors G
determines the possible x-ray reflections

Scattering from k to k’ 1s proportional to n(r)

Scattering amplitude:

—i(k—k")-F

F = jd3r @@= =S = Zj'd% ng e C-RT
G

Ak

Periodicity n(r) => Ak =G
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.
Bragg again

nA =2dsin(0)
Ak =G
G =2k sin(0)
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Ak =G

l?+éz/€':>‘l€+é‘2:k2:2E-6+G2=0

G = 2k sin()

_27mn

d - 9

G
I
A

27TH _ 4 sin(6)
d A
nA =2dsin(0)

Bragg’s law

kl A
<8 G

k
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